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Abstract
By introducing an appropriate parent action and considering a perturba-
tive approach, we establish, up to fourth order terms in the field and for the
full range of the coupling constant, the equivalence between the noncommu-
tative Yang-Mills-Chern-Simons theory and the noncommutative, non-Abelian
Self-Dual model.
The duality between the (2+1)-dimensional Maxwell-Chern-Simons [1] and Self-
Dual (SD) [2] Abelian models has been established long time ago in [3], where a parent
action for both theories was introduced.
In view of this, it is natural to investigate if such equivalence could be extended
to the non-Abelian case, by considering the Yang-Mills-Chern-Simons (YMCS) theory
and the non-Abelian SD model. However, the non-Abelian situation is more involved,
and the duality has been established only for the weak coupling regime [4]. In addition,
it has been argued in [5] that the use of a master action in the non-Abelian situation
is ineective since YMCS and SD happen to be dual to non-local theories each. The
non-Abelian situation has also been tackled in [6] from a dierent point of view, by





Recently, the parent action method has been brought back in [7] by considering a
novel perturbative analysis which, for the full range of coupling constant, has estab-
lished that the parent action actually interpolates YMCS with a dual theory whose
action is non-Abelian Self-Dual model up to fourth order in the eld, thus extending
the proof in [3] to the non-Abelian case. In this formalism, the fourth order terms are
expected to be non-local.
The present paper deals with the noncommutative (NC) extension of the duality
between YMCS theory and non-Abelian SD model. In recent years, NC eld theories
have generated a great deal of attention due to the fact that they arise as low-energy
descriptions of string backgrounds with antisymmetric tensor elds [8] (see [9][10] for
reviews and additional references).
The purpose of this paper is to investigate if the results regarding the equivalence
between YMCS theory and non-Abelian SD model can be extended to the NC case.3
In order to do this, we will consider the parent action method under a perturbative
approach, as in [7], and we will explicitly show that, in fact, the action for the NC
YMCS theory is equivalent to that of the NC non-Abelian Self-Dual model, up to
fourth order in the eld, and for the full range of the coupling constant.
In order to deal with the NC extensions of the usual quantum eld theories, we
replace in all Lagrangians the usual product with the Groenewold-Moyal star-product
of the form








i1j1   injn∂i1   ∂ing(x) ∂j1   ∂jnh(x) , (1)
where g(x) and h(x) are arbitrary functions and ij is an antisymmetric constant
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where µ and m are, in principle, arbitrary coecients, our metric convention is ηµν =
diag(−, +, +), and
Fµν = ∂µAν − ∂νAµ + [Aµ , Aν ]M , (3)
[Aµ , Aν ]M = Aµ ? Aν −Aν ? Aµ . (4)
3see [11] for the analysis of the Abelian case using the Seiberg-Witten map [8]
2
Here Aµ = A
a
µτ
a and fµ = f
a
µτ
a are elds in the adjoint representation of a non-Abelian
gauge group G (with a = 1   dim G), and τa are the matrices representing G, such
as [τa, τ b] = τabcτ c, where τabc are the structure constants of the group.
We shall verify that solving IP , rst for fµ (in terms of Aµ) and further for Aµ (in
terms of fµ) we recover both the NC YMCS theory and the NC non-Abelian Self-Dual
model, respectively.
Integration by parts in Eq.(1) yields
g(x) ? h(x) = g(x)h(x) +    ,
g(x) ? h(x) ? p(x) = g(x) (h(x) ? p(x)) +    , (5)
where the dots stand for total derivatives. Throughout this paper, we consider bound-
ary conditions such as the surface terms in the action vanish. Then, using Eqs.(5) we


































which is the action for the NC YMCS theory. Notice that the single parameter which
eectively appears in the theory is the boson mass, M  −2µ
m
.





−µ fµ ? fµ + 2m αµν
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−µ fµfµ + 2m αµν
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From the above expression, we nd the following equation of motion for Aµ
0 = αµν
(
∂µfν − 2 ∂µAν + [Aµ , fν ]M − [Aµ , Aν ]M
)
, (11)
which after contracting with a Levi-Civita tensor gives rise to
2Fµν = ∂µfν − ∂νfµ + [Aµ , fν ]M − [Aν , fµ]M . (12)
Now we must nd a solution Aµ = Aµ[fν ] which should be replaced into Eq.(9), thus
getting an action which is a functional of fµ. However, as in the commutative case,
the problem regarding the equation above is that it cannot be inverted.
In order to deal with this problem, we assume that a solution exists at least per-





µ [fν ] + A
(2)
µ [fν ] +    . (13)
Then, the lowest order in Eq.(12) yields
F (0)µν = 0 , (14)
so that A(0)µ is just a pure-gauge, and we will not consider it anymore. The following





























Now we will show that in fact the explicit expression of A(2)µ is not needed for our
present purposes. Introducing Eq.(13) into Eq.(9), using Eq.(5) and discarding the


















+O(f 4) . (17)





+O(f 4) . (18)














+O(f 4) , (19)
where we have reproduced the action for the NC non-Abelian SD model. In this theory
we also nd M  −2µ
m
as the single arbitrary constant which characterizes the model.
From Eqs.(8, 19) we see that, as anticipated, we have shown that NC YMCS is dual
to a theory which coincides with the NC non-Abelian SD model, up to fourth order in
fµ, and for the full range of the coupling constant.
We hope that this novel perturbative method could be helpful to establish other dual
equivalences between models, and also to simplify the treatment of NC non-Abelian
mathematical structures.
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